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creased slightly above 288 K.2 These results were interpreted
in terms of exchange of water molecules between high energy
or tight binding sites and secondary sorbtion sites with less
binding energy.? Our results can be interpreted in a similar
manner. At temperatures below 295 K, T'9p, and T'of are suffi-
ciently different (T, ~ 8-30 us, Tor ~ 700 us at 295 K)2 and
the rates of exchange between the phases are slow enough to
permit the observation of the two phases separately. As the
temperature is increased, the rates of exchange between the
phases increase rapidly and the distinction between the phases
can no longer be made. The T2 mechanisms now include a
contribution from the exchange process which increases with
temperature, giving rise to an eventual minimum in T3 or a
plateau region depending on the distribution of barrier heights
to exchange.3 It therefore appears that as the temperature is
increased exchange of water molecules between the bound
water phase and free water becomes rapid thereby making the
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distinction between the two impdssible. The decrease in T'a.
at the higher temperatures cannot be explained at this time
except to postulate that as the temperature is increased the
cellulose structure opens up probably allowing exchange be-
tween the tightly bound phase and the newly created sites.
The fact that the initial steep rise in T'o; observed at lower
temperatures is not found for samples above room tempera-
ture also tends to suggest that as the structure opens up and
the intrinsic processes of the cellulose chains become fairly
rapid the primary adsorption process (up to the point of
plasticization) does not impart additional motion to the sys-
tem.
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ABSTRACT: The theoretical internal energy, entropy, and internal pressure of the equilibrium system of poly(vinyl
acetate) using the scaling parameters established previously are computed as functions of temperature and pressure
and found to be in good agreement with those derived from the experimental PVT data given in paper L. For the anal-
ysis of the glassy state, a new method is developed and applied to the two constant formation glasses discussed ear-
lier. 1t employs the partition function which has the same mathematical form as for the equilibrium system, but de-
rives the hole fraction h(V, T) as the solution of a partial differential equation. This equation results from the proper
thermodynamic definition of the pressure in terms of the partition function, applied to the experimental PVT sur-
faces for the glasses. A quantitative improvement in the compressional thermodynamic functions, particularly in re-
gard to the internal pressure, ensues over the more empirical procedure employed previously. There h is treated as
an adjustable parameter in the pressure equation derived for the liquid, using the experimental PVT surface for the
glass. The application of the proper expression for the pressure results in a reduced variation of h with temperature
and pressure in the glassy state and thus in numerically larger freezing fractions than those derived earlier. We exhib-
it the internal energy and entropy differences between the atmospheric pressure and pressurized (800 bar) glasses,
and between these and the super-cooled melt. The computed difference between the configurational heat capacities
of the melt and glass at T, are about 47% for C, and 13% for C,, of the totals obtained by calorimetry. Finally, conve-
nient interpolation expressions for the hole fraction, theoretical internal energy, and theoretical entropy as functions
of the reduced variables of state are developed for the equilibrium liquid in general and the two specific glasses con-
sidered here. These relations dispense with the necessity of iteration procedures for the numerical evaluation of the

theoretical functions.

In a recent paper? (paper I) we have analyzed the liquid
and glassy states of polymers in terms of theory and based on
experimental data for poly{(vinyl acetate).? The discussion was
concerned with the PVT (pressure-volume-temperature)
relations applicable to the liquid (equilibrium) region and
glasses formed by variable and constant formation histories.
With the variable formation history the properties of the glass
are obtained by isobaric cooling at one constant rate at dif-
ferent pressures always commencing at temperatures suffi-
ciently large to attain initial equilibrium. The intersection of
the extrapolated liquid and glass PVT surfaces gives the
proper glass transition temperature Tg(P). With the constant
formation history the glass is formed by isobaric cooling at one
pressure P’ (0 or 800 bar) with subsequent measurements in
the glass being made at additional pressures. The intersection
of the liquid and glass surfaces gives T, (P,P). Since all data
points of the constant formation glass pertain to one formation

pressure P’, and since no structural relaxation was observed
after glass formation, the corresponding PVT surface is taken
to be reversible, yielding proper thermodynamic quantities
even though true equilibrium is not attained. For further
details, see ref 3. The discussion in paper I encompasses first
the liquid equilibrium state, second the liquid—glass transition
line and the relationship between the pressure coefficients
dT/dP and dTt/dP of glasses formed under the variable and
constant formation histories, respectively, and third the
equation of state for the glasses of the latter kind. Of central
importance in this analysis is the behavior of the ordering
parameter y, the fraction of occupied sites, in the three regions
mentioned above.

The purpose of this paper is to present a discussion of the
configurational thermodynamic functions, in particular those
which can be derived from PVT measurements and compared
with theoretical predictions. We have previously shown some
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Table 1 0 0
(a) Coefficients for the Hole Fraction h(T, V) = >0 g TiVi
i=0Jj=0
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Liquida
0.025 < T < 0.040
0.96< V<1.10

Glass

P=0
0.025 < T < 0.031
1.00< V< 1.03

P’ =0.0853
0.025< T <
(0.031 +0.040 P)
0.99 < V<1.03

ij (0< P<0.1) (0< P < 0.0853) (0 < P<0.0853)
00 0.054492 -0.0011 0.0674

01 0.49570 0.0240 -0.035

02 0.6099

10 2.2824 -2.99

11 1.374 2.75 4.45

12 -65.41

20 -25.59 ~36.5 ~-12.6

21 93.2

22 1718

SD Ah 0.72x 1073 0.74x 107 094 x 10™*

~ o~ 2 2 ~
(b) Coefficients for the Hole Fraction h(T, P)= E E o a;j TP
i'=0 j'=

Glass
P =0 P’ = 0.0853 (800 bar)
Liquid 0.025 < T < 0.031 0.025 < T < (0.031 + 0.040P )
0.025 < T < 0.040 0< P<0.0853 0< P<0.0853
ij 0< P<0.100 AP P.F. AP. P.F.
00 -0.08350 0.03074 0.04452 0.02391 0.03470
01 0.0724 0.0215 0.0159 0.0183
02
1.071
10 4.316 1.457 1.036 1.420
11 -5.93 -2.26 -0.889 -1.87 -1.41
12
20 21.42
21 -121.8
22 465.4
SD Ah 0.76 x 10~ 1.1x 107 1.0%x 10~ 1.3x 10 1.0x 10~

4 For liquid coefficients, the variables T and V are replaced by T-0.03and V- 1.

examples of compressional energy changes for styrenes and
methacrylate*®5 derivatives in the liquid state, noted the good
agreement between experiment and theory, and commented
on the deviations in respect to the internal pressures, which
although quantitatively moderate, are significant. Here we
consider the glassy state as well, and examine the consistency
of the assumptions made in formulating an equation of state
using the experimental thermodynamic functions. It will be
recalled from paper I that the hole fraction 4 in the glass was
treated as a disposable parameter, with a pressure and tem-
perature dependence below T’y derived from the experimental
equation of state.24-¢ As demonstrated here and in paper I,
the significance of these efforts lies first in testing the equi-
librium theory of the liquid state, and second in extending the
tests of the assumptions made in respect to the glassy state,
specifically testing the gradual freeze-in of the ordering pa-
rameter h below Tz and comparing the results for different
formation conditions. This will give us confidence in the re-
sults of the computations presented later in this paper on the
configurational contributions to the enthalpy and entropy at
atmospheric pressure and corresponding heat capacities,
which are not readily accessible experimentally. A calculation
of the differences between certain thermodynamic functions
for the supercooled liquid and the corresponding states in the

glass is important in connection with kinetic studies as well.

As with order parameter theory in general, our approach
excludes the free energy of the glass from reaching a local
minimum with respect to the ordering parameter 2. We do
not, however, have a theoretical constraint condition for the
glass. The constraints on & are such that its temperature and
pressure dependences are determined numerically from ex-
perimental values of volume at different temperatures and
pressures.

Treatment of Experimental Data

We continue with the use of the Tait equation to represent
the PVT observations, viz.:

1—V/Vo=0.08%In[1+ (P — Po)/B(T)] (1)

with B(T') = a exp(—bT), where Vis the volume V at pres-
sure P = Py for which in this work Py = 0. The temperature
dependent values of V and of the coefficients a and b for the
liquid and three different glasses have been given in ref 2,
Tables I and II. The explicit dependence of the internal
pressure P; on the independent variables is obtained by sub-
stitution of eq 1 into the definition

Pi= (sU/aV)p = T(sP/aT)y — P (2)
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Table II
(a) Coefficients for U(T, V): U(T,V)a = i i a;; T Vi
i=0 Jj=0
Glass
Liquid P=0 B'=0.0853
0.025 < T < 0.040 0.025 < T < 0.031 0.025 < T < (0.030 + 0.040F)
0.96 < V< 1.10 1.00 < V< 1.03 099< V< 1.03

’ (0<P<01) (0 < P < 0.0853) (0 < P < 0.0853)

00 -0.67587 -0.66750 -0.67176

01 0.42853 0.2003 0.2238

(1)3 cl).gggg 1.245 1.727

.25 0.8935 0.6699

11 ~3.382

12 -48.4 -258

g(l) -4.01 5.74

116.4 -3

22 1156 22

SD AU 0.14 x 10~ 0.29 x 10~ 0.38x 10~*
. . e e A -4 o~ ~ ol 2
(b) Coefficients for U(T, P) and S(T, P) - In V* - const: f(T, P) = i Z a;; Tipj
i=0 j=0
Glass
Liquid =0 P’ =0.0853
0.025 < T < 0.040 0.025 < T< 0.031 0.025 < T < (0.030 + 0.040P)
0< P <0.100 0< P <0.0853 0< P <0.0853

ij U S-cb [ S-cb U S-cv

00 -0.77436 -10.5100 -0.720 89 -7.810 -0.673 51 -5.899

01 ~2.60 1.184 30.88 -1.002 ~42.76

02 0.308 3.42 -10.73 -305.0 9.23 372

10 3.14 225.93 2.610 147.8 -1.135

11 -2.68 -123.5 -90.45 -2500 69.87 2893

12 -16.6 803.7 22810 ~-648.0 -26300

20 15.14 -1504.5 -19.9 —1680 46.6 940.2

21 -118.4 1620 46300 -1309 -52100

22 625 4750 -14760 -422000 11540 465000
SDAf 0.53x 10~ 0.11 x 102 0.41x 10~* 0.12x 10-° 0.53x 10~ 0.17 x 1072

aT =T +~0.03,V =V -1. 5C =1n V* + const.

where U is the internal energy. Accordingly, from eq 1,

P; = (Ta/0.0894)(P + B)[1 — 0.0894 In (1 + P/B))
+PdInB/dInT -1) (3)

where ag = (1/V0)(8V/aT) p=o. The internal energy difference

AU = UV, T) = U(Vo,T) = =(Tao/0.0894 + T d In B/dT
+ Tag — 1)0.0894PVy + 0.0894 Vo[ Tao(P + B)
+BdInB/dInT-1)]In(1+P/B) (4)

is obtained by integration of eq 2 with respect to V at constant
T Finally, we have for the corresponding entropy difference
AS,

1%
TAS = AU + fv PdV = AU + B(Vo— V)
0

—0.0894V,yP (5)
Numerical results for the liquid and the two glasses formed
at atmospheric and 800 bar pressure respectively will be dis-
played below. Note that the energy U(V,T) and hence
U(Vo,T) cannot be evaluated from PVT data solely. U(V,,T)
may be obtained by integration of the heat capacity C, be-
tween absolute zero and T. The analogous argument applies
to the entropy.

Theoretical Formulation

The formulation given previously?7 is reviewed and ex-
tended to include nonequilibrium glassy behavior and addi-
tional thermodynamic functions. For a single ordering pa-
rameter, which here is the fraction of occupied sites y, we
make use of the thermodynamic definitions

—P = —P, - Py = (6F/aV)1y + (8F/sy)v,r(ay/sV)T (6)

—S = =81 = 8z = (6F/aT)v,y + (3F/oy)v,r(3y/aT)v (7)

where F = —kT In Z is the Hemholtz free energy determined
from the configurational partition function Z(V.T.y) given
in ref 7. The universal reduced variables X; (for example, P,
¥, and T') are related to the corresponding experimental ones
X; through X; = X;/X,*, where X;* are the scaling factors
taken as constants for each substance. Although the values
of the scaling factors are normally determined through su-
perposition of PVT data, as demonstrated in paper I, they also
are defined explicitly in terms of molecular parameters.

The explicit dependences of the above free energy deriva-
tives in terms of the theoretical reduced variables are

(aF/ay)rv = —(8T/¥)(s/3¢)[1 +1n (1 = ¥)/y)
+ (3T /y)[2- /6y (yV)=1/3 — ] [1 — 2716y (yV)~1/3]~1
+ % (yV)~2[2.409 — 3.033(yV)"2] (8)
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Figure 1. Equilibrium hole fraction h as a function of pressure at
three temperatures.

(0F/aV) gy = —(T/V)[1 - 218y (y V) ~1/3]1
— 2y/V)(yV)~2[1.011(y V)2 — 1.2045] (9)
and,

(aF/aT)yy = (1/c)Iny + (s/c)[(1 = y)/y]In (1 — y)
—3In[(yV)1/8 — 2-1/8y] — In V* + const  (10)

where the constant term involves a positive quantity which
cannot be determined from the PVT data. s and 3¢ are the
number of segments per chain and the number of external
degrees of freedom per chain, respectively. The ratio s/3c will
be taken to be unity here as in previous work.

At equilibrium the second terms on the right-hand side of
eq 6 and 7 vanish by virtue of the minimization condition
(6F/ay)rv = 0. Accordingly, any general thermodynamic
function may be expressed as a sum of two terms as indicated:
one which has the same form as the function at equilibrium
(subscript 1), and one which includes the additional terms
(subscript 2). From eq 6 and the minimization condition, we
obtain at equilibrium:

BV/T = [1 — 2-1/8y(y V)~1/3]-1
+ (2y/T)(yV)~2[1.011(yV)~2 - 1.2045] (11)
and

(s/3c)[(s — /s + y~1ln(1 = y)]
= (y/6T)(yV)~2[2.409 — 3.033(yV)~2]

+ [2—1/6y(y‘7)—1/3 - 1/3][1 - 2—1/6y(y\7)—1/3]~1 (12)
where the term (s — 1)/s approaches unity for long chains.
From the simultaneous solution of these two equations we
determine y(7T,V) and the pressure numerically. Knowing y,
we derive the equilibrium configurational entropy from the
equation
S=81=—1/c)Iny — (s/e)[1 =)yl In (1 —y)

+31n [(yV)/3 — 2-1/8y] + In V* + const  (13)
which is obtained from eq 7. Note that the first term is negli-
gible for long chains as in eq 10.
From the relation
U=F+TS=F—T(F/sT)v,
= T(aF/sy)vrlay/aT)y (14)
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Figure 2. Internal energy and entropy changes and internal pressure
as a function of pressure at three temperatures. Dashed lines, ex-
perimental, eq 4, 5, 3; solid lines, theoretical, eq 15, 13, 17.

it is apparent that U may also be written in the form U = U;
+ Us with U = U, at equilibrium for which the corresponding
reduced variable is

Ui = (/20 (yV)~2[1.011(y V)2 — 2.409] (15)

and, as apparent from eq 7 and 14, Us = T'S,.
The internal pressure

Py = (sU/sV)r = T(6P/sT)y — P (16)
at equilibrium in terms of the reduced variables is

B = (2y/V)(yV)~2(1.2045 — 1.011(yV)~?]
+ (yV)"2[1.2045 — 1.5165(y V)~ (ay/6 V)7 (17)

where

(ay/aV)1 = (y/V)3h[1 — 2718y (y V) ~1/8) =20~ 1/6y (y /)~ 1/3
- (/2T (yV)~2[12.132(y V)2 — 4.818]}
X {4h[1 = 2718y (y V) =173 -22=1/6y (y V)=
+ (y/2T)(yV)~2[9.099(yV)~2 — 2.409]
+3[y Iln(1—-y)+ (1 —y)~1-1 (18)

is obtained by differentiating eq 12. _ ~
The theoretical equilibrium differences AU and AS cor-
responding to the experimental ones [eq 4 and 5] are readily
obtained from eq 15 and 13, respectively.
The methods used to determine (ay/4V)r and (5y/4T)v for
the extension of the thermodynamic functions to the glassy
state are discussed in the next section.

Evaluation of the Thermodynamic Functions

A. The Liquid State. In ref 2 the scaling factors T* = 9419
K, P* = 9380 bar, and V* = 0.8141 ¢m3/g were obtained for
PVAc. In what follows we will make use of the additional
scaling parameters for the internal energy U* = P*V* = 763.6
J/g, and §* = P*V*/T* = 81.07 J/(kg K) for the entropy.

In Figure 1 isotherms for the hole fraction h = 1 — y at
equilibrium are displayed. It will be noted that h is reduced
by about the same amount through the application of pressure
(~21%/800 bar) over the whole range of temperatures. The
results for the pressure dependence of the thermodynamic
functions at the temperatures used in Figure 1 are illustrated
in Figure 2. The good agreement in respect to the internal
energy difference AU is in line with our expectations from
previous work.%® The numerically small differences (maxi-
mally about 4%) change sign with increasing temperature. The
entropy difference AS follows the same pattern, since the
theoretical isotherms are accurate. The deviations in respect
to the internal pressure are of the same order of magnitude.
However, the theory predicts a significantly larger pressure
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Figure 3. Hole fraction h as a function of pressure at three temper-
atures, Solid lines, low pressure (P’ = 0); dashed lines, high pressure
glass (P = 0.0853). A.P., adjusted parameter, P.F., partition function
procedure. Horizontal hne values at Tl.
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Figure 4. Compressional internal energy as a function of pressure for
low pressure glass (P = 0). Dashed lines, experimental (Tait equa-
tion); solid lines, A.P., P.F., and frozen parameter assumption (h =
0.0780).

dependence than is observed. The experimental internal
pressures exhibit a maximum over the available range. The
corresponding maximum for the theoretical internal pressures
would occur at negative pressure at these temperatures, or at
positive pressures at temperatures well above our experi-
mental range. Now, the internal pressure maximum corre-
sponds to the inflection to the right of the minimum of the
potential energy distance curve. It is an open question to what
extent this discrepancy reflects the assumed 6-12 interseg-
mental potential or is inherent in the underlying quasilattice
model.” In any case, the deviations become pronounced in the
third derivatives of the partition function.

B. The Glassy State. The following discussion refers to two
systems prepared under different but constant formation
pressures (0 to 800 bar) during cooling at a constant rate of 5
°C/h.? In paper I we have applied an earlier procedure® in
which the equilibrium condition, eq 12, is replaced by an
empirical adjustment of ¥ to the experlmental through the
theoretical equation of state, eq 11, where P, V, and T take on
their reduced experimental values. This procedure is not
strictly proper, however, because eq 11 is obtained by ignoring
the contribution of the right-hand term (Ps) of eq 6. This term
vanishes at equilibrium for which (sF/ay)y,r = 0, or if y is
constant, neither of which are satisfied in the glass. This kind
of analysis has allowed us to characterize structurally different
polymer glasses in terms of a freezing fraction?5# which is a
measure of the variation of the hole fraction with temperature
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Figure 5. Compressional internal energy as a function of pressure for
high pressure glass (7’ = 0.0853). Dashed lines, experimental (Tait
equation); solid lines, A.P., P.F,, and frozen parameter assumption
{h = 0.0695).
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Figure 6. Compressional entropy as a function of pressure for low
pressure glass (P’ = 0). Dashed lines, experimental (Tait equation);
solid lines, A.P., P.F., and frozen parameter assumption.

or pressure in the glass relative to that in the liquid state. We
can now continue to employ this empirical function and
compute thermodynamic functions by means of eq 13, 15, and
17. Since neither of the two conditions above are satisfied in
the glass, this procedure, of course, cannot be justified on a
consistent statistical mechanical basis, even after accepting
the above procedure in connection with the equation of state.
Recalling however the basic model of a quasilattice underlying
the development of the theory,” the expression for U, eq 15,
may be regarded simply as a lattice sum. The accuracy of U
so computed with the aid of the dependence of y on V and T,
then determines that of AS, calculated from eq 13, which is
tantamount to that obtained by evaluating the integral [P
dV [see eq 5]. In Figure 3 the lines marked by A.P. (adjustable
parameter) show the requisite isotherms of 4. The results for
the two glasses which are derived from eq 11 once more indi-
cate the significant departures from the values at the glass
temperature marked by the horizontal lines.

The consequence of these computations for the energy is
illustrated in Figures 4 and 5 by the curves marked as A.P.
Also exhibited are the AU’s derived from eq 15 by assuming
a complete freeze-in (constant h), where h assumes its value
at Ty (P’). As anticipated, the resulting deviations from the
experimental functions are pronounced in this case and sim-
ilar to those noted for poly(cyclohexyl methacrylate).? The
results are encouraging in that an empirical adjustment of the
theoretical equation of state yields a quite satisfactory esti-
mate of the compressional energy difference and hence also
the entropy difference. We note however increasing deviations
with increasing pressure in Figures 4 and 5 for the curves la-
beled A.P. No distinction in this respect between the low and
high pressure formation glass is evident. The entropy lines
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Figure 7. Compressional entropy as a function of pressure for high
pressure glass (P* = 0.0853). Dashed lines, experimental (Tait equa-
tion); solid lines, A.P., P. F., and frozen parameter assumption.

marked as A.P. in Figures 6 and 7 were obtained by means of
eq 13 and serve as illustrations for the subsequent discussion.

A consistent procedure however requires the proper use of
a configurational partition function to obtain, at this stage
from experiment, the function y (T, V). Retaining the formal
expression for Z [eq 1-3, ref 7], the approach to be employed
now is, accordingly, to solve the partial differential equation
in y represented by the pressure relation [eq 6] for given ex-
perimental P, V, and T (aF/ay) v 7 is given explicitly by eq 8
and the expression for (0F/aV) 7., [eq 9] is identical with that
for =P for the liquid state. A numerical iteration method
similar to Newton’s has been employed. The computation
procedure is described in the Appendix and illustrated in
Figure 14. The numerical solutions for A = 1 — y can be ex-
pressed by biquadratic polynomials in 7° and V for which the
coefficients and the residual standard deviations are given in
Table Ia for the liquid and the two glasses. As with other
polynomials given in this paper the coefficients have been
determined by least-squares fits. Using the sequential “F”
test,? the insignificant coefficients have been deleted, and the
significant ones recalculated from the remaining variables.
Table Ib gives h as a function of T and P, which may be used
to calculate the thermodynamic functions presented later in
this paper. Note that the T — V expressions are more accurate,
in particular for the liquid state. In these representations only
those for the liquid are universal. Since no theoretical con-
straint condition has been established for the glassy state, the
others apply only to this polymer under these particular glass
formation conditions. The liquid coefficients may be used to
facilitate calculations of the pressure and thermodynamic
functions in lieu of complicated iteration methods.

In Figure 3 are shown the curves P.F. (partition function)
for the hole fraction h = 1 — y obtained from the differential
equation [eq 6] as a function of pressure at —30, —10, and 10
°C. They may be compared with the results (A.P.) obtained
by considering the term P; solely in eq 6, i.e., eq 11. The dif-
ferences are significant with the former being closer to the
values at T, The two sets of h functions are however quite
close, particularly at low pressures and elevated temperatures.

The resulting variations of energies and entropies with
pressure relative to atmospheric pressure appear in Figures
4-7. In general a noteworthy improvement over the previous
treatment is observed. The remaining deviations are small
indeed. One reason for these are the numerical approxima-
tions in solving eq 6 for y with experimentally determined
parameters. For analysis it is convenient to express both U
and S in biquadratic form, which facilitates the calculation
of certain second-order functions. The coefficients for U(T,V)
are given in Table ITa from which the internal pressure, P; =
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Figure 8. Internal pressure as a function of pressure at three tem-
peratures for low pressure glass (7 = 0). Dashed lines, experimental,
A.P. adjusted parameter, h = 0.0780 frozen parameter assumption.
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Figure 9. Internal pressure as a function of pressure at three tem-
peratures for high pressure glass (P = 0.0853). Designations as in
Figure 8.

(aU/aV)r, and the configurational heat capacity C, = (3U/
aT)v are readily obtained. The corresponding coefficients for
U(T P) are given in Table IIb along with those for S(7"P),
which may be used to calculate the configurational heat ca-
pacity Cp, = (aU/aT)p. Note that as with the h polynomials,
the T — V representation is more accurate as indicated by the
residual standard deviations. Again, those for the liquid are
universal, whereas those for the glasses are not.

We turn next to the internal pressure, P;. With the liquid
and adjustable parameter (A.P.) calculation for the glasses,
the determination of P; from the theoretical relationships is
relatively simple. With the proper employment of the parti-
tion function (P.F.), however, it is far more convenient to
obtain P; from appropriate differentiation of the polynomial
expressed in Table Ila. The computed (A.P. and P.F.) and the
experimental results are presented in Figures 8 and 9. Here
the adjustment procedure (curves labeled A.P.) yields large
deviations of similar magnitude and opposite sign compared
with the results for constant hole fraction h. Obviously the
variation of y and T and V required to satisfy the experi-
mental equation of state based on eq 11 is too large. A con-
siderable improvement ensues from the reduction in this
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Figure 10. Comparison of hole fraction h as a function of temperature
for two glasses with P = P’ and their equilibrium melts. Solid lines
theoretical and “freeze-in” assumption, respectively. Dashed lines
theoretical, undercooled melt. Open and closed circles, adjustable
parameter and partition function procedure, respectively.

variation shown in Figure 3, when the partition function is
employed in the proper manner as implied in the polynomial.
The consequences of the numerical approximations are of
course magnified in the derivatives. Since P; is purely a com-
pressional function and since we have no constraint equation
for the glass, the differences between the experimental and
theoretical (P.F.) values of P; are artifacts introduced by the
numerical analysis, involving the imprecision of the Tait
equation and the numerical manipulation of the theoretical
equation of state. This argument does not hold, however, in
the liquid region, or with the thermal properties, for example,
the configurational heat capacities, in both liquid and glass,
as will be discussed.

C. Temperature Dependence of Thermodynamic
Functions for the Liquid-Glass System. In order to study
the behavior at the glass transition, it is useful to observe the
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temperature dependence of the thermodynamic functions
over the liquid and glassy ranges together. In Figure 10 the
hole fraction is plotted as a function of temperature for the
liquid and two glasses at P = P’ for 0 and 800 bar. Note that
the proper use of the partition function (designated P.F.) gives
more constant response for the glasses than that obtained
from the adjustable parameter (A.P.) calculations. Although
the h-T curves appear to be essentially linear for the glasses
(as indicated in Table Ib), slight, but significant, departures
from linearity exist for the liquid over the range indicated.
From the coefficients in Table Ib the freezing fractions

oh oh
Fr=1-{{— -
T 1 [<6T>P,glass/ <8T>P,liquid] (19)
oh ah
Pt [ () ) B )
P [ aP/ T glass P/ T liquid

are readily determined. These fractions are bounded between
0 and 1 where the lower bound indicates no distinction be-
tween the h derivatives for liquid and glass, and the upper
bound applies to constant 4 in the glass. The results are tab-
ulated at selected conditions in Table III. The first two sets
of conditions (T',P) are at the respective T’s for the P’ = 0 and
800 bar glasses. Since the T’s are slightly out of range of the
experimental data, the third set (0.02794, 0), which is about
mid range for both data sets and hence more accurate, is in-
cluded. The quantities are always evaluated at the same
conditions for both glasses. From Table IIT and Figure 10 the
following trends are apparent:

(1) The magnitudes of the h derivatives and freezing frac-
tions when evaluated properly from the partition function are
smaller and larger, respectively, than those using the adjust-
able parameter method. This means that the glass structure
is more “frozen in” than indicated previously.? (2) Fp is usu-
ally larger than Fr (consistently larger for the P.F. calcula-
tions). No theoretical justification for this trend is apparent
at this time. (3) There is essentially no difference between the
respective freezing fractions for the two glasses when evalu-
ated at the same conditions. This relationship holds for both
A.P. and P.F. computations.

In some cases the values in Table III differ slightly from the
corresponding ones in Table IV of paper I. These differences
result from the different numerical procedures used in the
evaluations. Also, it appears that the freezing fractions can

and

Table III
Hole Fraction Derivatives and Freezing Fractions

Liquid, ’T‘, P

0.03226, 0 0.03410, 0.0853 0.02794, 0
(Bn/OT)5 5.70 4.79 5.52
—(3h/0P )3 0.245 0.179 0.188
k Glasses
AP. P.F. A.P. P.F. AP, P.F.
P=o T=T,
(0n/dT)5 1.46 1.04 1.26 0.96 1.46 1.04
—(3h/0P ¥ 0.051 0.029 0.056 0.030 0.042 0.025
Fr 0.74 0.82 0.74 0.80 0.74 0.81
Fp 0.79 0.88 0.69 0.83 0.78 0.87
P'=0.0853 T=T,
(8h/3T B 1.42 1.07 1.26 0.95 1.42 1.07
. —(3h/3P )7 0.044 0.027 0.048 0.030 0.036 0.021
Fr 0.75 0.81 0.74 0.80 0.74 0.81
Fp 0.82 0.89 0.73 0.83 0.81 0.89
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Figure 11. Internal pressure as a function of temperature at atmo-
spheric pressure for low pressure glass (P = 0) and equilibrium liquid.
Circles, experimental; solid lines, theoretical. Designations for glass
as in Figure 8.
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Figure 12. Comparison of internal energy as a function of tempera-
ture for undercooled melt (theory), low and high pressure glass, all
at atmospheric pressure.

only be determined to within two significant figures as is in-
dicated in Table III of this paper.

The temperature dependence of the internal pressure is
illustrated in Figure 11 at atmospheric pressure for the P’ =
0 glass. In particular, since the temperatures are extended into
the liquid region, this presentation illustrates the difference
between the liquid and glass at T';. As mentioned earlier the
differences between the experimental and theoretical internal
pressures in the glass are artifacts resulting from inprecision
of the numerical analysis used on both the experimental data
and theoretical formulation. Accordingly, it is not clear
whether the maximum in P; is real in the glass, as revealed by
the theoretical curve. Table IV summarizes the experimental
and theoretical values at T. The former also include those
estimated from Figure 2 of ref 10, which are in good agreement
with ours, particularly in the liquid state. The data in ref 10
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Table IV
Theoretical and Experimental
Internal Pressures at T, = 30.7 °C

Experimental
Ref 10
Ref 10 Samples Theo-
Ref 2 Sample 1 2, 3,4 retical
P; 5, kdfem? 0.434 0.427 0.439 0.425
P; ¢, kd/em?® 0.282 0.259 0.272 0.232
AP;, kJ/em? 0.152 0.168 0.167 0.193
P; ;, reduced 0.463 0.455 0.468 0.454
Pj ¢, reduced 0.301 0.276 0.290 0.247
AP;, reduced 0.162 0.179 0.178 0.207
T (°C)
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Figure 13. Comparison of entropy as a function of temperature for
undercooled melt (theory), low and high pressure glass, all at atmo-
spheric pressure. Value for liquid set equal to zero at ~30 °C.

were actually taken at nearly constant volume conditions with
a small correction applied to account for the response of the
dilatometer. The agreement between the two sets of data
confirms that (sP/3T)yv does not necessarily have to be ob-
tained at constant volume conditions even during glass for-
mation, and that the Tait equation is sufficiently accurate for
the evaluation of P;.

We now examine some of the functions which cannot be
determined from PVT data alone. As an illustration, the in-
ternal energies of the undercooled melt and of the two glasses,
all at atmospheric pressure, are compared in Figure 12 with
each other. For example, at —30 °C, i.e., about 60° below the
normal glass temperature, the difference between the equi-
librium liquid and the low pressure glass amounts to 12.6 J/g
or 1.08 kd/mol, if the molecular weight of the repeat unit is
taken as 86.1 g/mol. This is reduced to 8.8 J/g in the depres-
surized high pressure glass, thus yielding a difference of 3.8
J/g between the two glasses. In Figure 13 the corresponding
entropy diagram is displayed. We observe differences of 0.046
and 0.033 J/(gK) between liquid and the two glasses, with a
corresponding reduction of the entropy by 0.013 J/(g K) due
to densification. Note that in Figure 13 the entropies are de-
fined relative to the equilibrium value at —30 °C, which is set
equal to zero. :

Finally we turn to a consideration of the specific heats C,,
and C, for which the theoretical and experimental values are
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Table V
Theoretical and Experimental
Heat Capacities at T; = 304 K

Glass
Liquid (P'=0)

Cp(theo)? 0.337 0.103
Cp(exptl) 1.77 1.27
Cp(theo)/Cp(exptl) 0.190 0.081
Cp — C,(exptl) 0.250 0.055
Cp — C,,(exptl) 0.261 0.069
Cv(theo) 0.087 0.048
Cv(exptl) 1.51 1.20
Cv(theo)/C, (exptl) 0.057 0.040
ACp(theo) 0.234
ACp (exptl) 0.50
ACp(theo)/ACy (exptl) 0.47
ACy(theo) 0.039
ACy(exptl) 0.31
ACv(theo)/AC, (exptl) 0.13

@ Cp units in J/(g K).

summarized at Ty = 304 K in Table V. Since experimental
data are usually available only at atmospheric pressure, we
need to compute values at P = P’ = 0 only. Of course we can
discuss only the intermolecular contributions here. The the-
oretical values in Table V are obtained from the polynomial
expressed in Tables I1a and IIb applying the definitions C,
= T(3S/4T)p and C, = (3U/aT)y. Using the scaling factor S*
= 0.08107 J/(g K), these quantities are evaluated at T, =
0.03226 (30.7 °C) at which V = 1.0356 (0.8431 cm?/g). From
the PVT data we obtain the difference

Cp—Cy= TVax (20)

where « and « are the thermal expansivity and isothermal
compressibility, respectively. Equation 20 stipulates that the
difference between total heat capacities (obtained from cal-
orimetry) is purely configurational. From the theoretical
values we obtain C, — C,, = 0.250 J/(g K) for the liquid and
0.055 for the glass. These values compare with the corre-
sponding experimental ones, 0.261 and 0.069, respectively,
which are derived by using oy = 7.117 X 1074 K1, ap = 2.795
X 107* K-, 5 = 4.981 X 107% bar~!, and «, = 2.896 X 10~%
bar~!, taken from Table 9(b) of ref 3. The amount of agree-
ment, 4% for the liquid and 20% for the glass, reflects the va-
lidity of the liquid theory and the accuracy of the numerical
analysis used here.

We will now compare the configurational heat capacities
obtained from the theory with the total values derived from
calorimetry and PVT measurements. Mr. James J. Weeks of
the National Bureau of Standards has made C, measurements
on a specimen of our sample using DSC. The liquid and glass
limiting values in J/(g K) near Ty may be represented by the
linear equations

Cpy = 1.135 + 0.00209T
Cpg = 0.402 + 0.00284T

where the latter applies to the glass formed by cooling at 0.31
K/min. Since no significant difference in C,, ; was observed
between this rate and 2.5 K/min, we assume that there would
be essentially no difference if the formation rate were 5 K/h
as with the PVT data.? From the above equations the values
at Ty = 304 K are Cp; = 1.77 and Cp, ¢ = 1.27 with the differ-
ence AC,, = 0.50 J/(g K). Thus the intermolecular contribution
is about 19% obtained from the ratio of the theoretical and
experimental values applicable to the liquid state. This may
be compared with 12-13% for polystyrene and poly(methyl
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methacrylate), depending weakly on temperature. These
values have been obtained by applying the scaling factors from
ref 4a and 5, respectively, and taking the experimental data
from ref 11. Note that the experimental value for AC, (0.50)
is comparable with the theoretical (configurational) value for
the liquid (0.337) and considerably exceeds the computed AC,
= (.234. Thus, according to this analysis the configurational
contribution to the total AC is only 47%.

It is also of interest to determine the corresponding fraction
for AC,. Equation 20 is employed to determine the total value
of C,. Using the values of @ and « given above, we obtain C,;
=151J/(gK) and C, ; = 1.20, with the difference AC, = 0.31.
AC, may be compared with AC,, with the fraction AC,/AC,
= 0.62. With the corresponding theoretical values tabulated
above, the configurational contribution to the total AC,, is 13%,
compared with 47% for the corresponding AC,.

In order to compare the entropies we make an estimate of
the experimental difference Sy — S; for a reference tempera-
ture of 0 °C. In the standard relation

S = fcp,i dT/T + K;

we employ for / = [ and i = g the linear expressions shown
above. The difference between the integration constants K
— K is determined from the condition S; = Sy at T = T,
Hence we have

AS =8,—8,=-0.7331In T + 0.00075T + 3.963

For T' = 273.15, the result is AS = 0.056 J/(g K). The relations
shown in Table IIb yield at the same temperature §g -§ =
—4.937 + 5.223, or AS = 0.0232 J/(g K), which indicates that
about 42% of the change in entropy from liquid to glass is
configurational.

Next it is of interest to separate the theoretical entropies
for the undercooled melt and glass into a lattice and a hole
contribution by writing

Shole = S(y) - S(]-)

where the last term corresponds to the simple cell model with
the square well approximation for the cell potential.”
From eq 13 we have

S(1) =81n (V13 — 2-1/8) 4 1n V* + const (13"

The experimental volumes for the two glasses and the com-
puted volume for the undercooled liquid are to be substituted
in eq 13’. The results at —30 and 0 °C are listed in Table V1.
The differences in the configurational entropy S(v) are those
seen also in Figure 13 and amount to about 0.01 J/(g K) for the
two glasses. They are due primarily to differences in the hole
contribution. With increasing temperature this contribution
increases, and is smaller for the undercooled melt, as is to be
expected. The linearity of the plots in Figure 13 results in the
expression for the configurational specific heat,

Cp = (AS/AT)T

and Table VI then yields for the ratio AShoie/AS = Cp hote/Cp
0.62, 0.59, and 0.56 for liquid, low, and high pressure glass,
respectively. For the glasses these results once more illustrate
the significance of hole contributions, shown earlier in terms
of the thermal expansion.

The above results imply that the entropy and heat capaci-
ties, and their changes at T'g, are dominated by contributions
from vibrational modes. Before accepting the validity of this
result, one should consider the possible existence of certain
errors which could exaggerate the dominance of the role of the
vibrational modes. On the experimental side, the linear ex-
trapolation of Cp; to 0 °C in the computation of the entropy
may be questioned. Actually an alternative value reviewed in
the literature!? is AC, = 0.48 J/(g K), which would increase
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Table VI
Entropies of Undercooled Melt and Glasses at Atmospheric Pressure?
Shole/
- —S(y) + —8(1) + (—=S(y)+
\% y const const Shole const)
T =0.02581 (=30 °C)
Liquid 0.9953 0.9578 0.4772 0.5590 0.0817 0.171
Glass (P’ = 0) 1.0181 0.9285 0.4314 0.5425 0.1111 0.258
Glass (P = 800 bar) 1.0110 0.9375 0.4442 0.5475 0.1033 0.233
T = 0.02900 (0 °C)
Liquid 1.0147 0.8404 0.4401 0.5449 0.1049 0.238
Glass (P = 0) 1.0266 0.9254 0.4172 0.5367 0.1195 0.286
Glass (P' 800 bar) 1.0194 0.9344 0.4309 0.5416 0.1107 0.257

a Entropy Units: J/(gK).

the ratio of the configurational to the total AC, at Ty from 47
to 49%. By extrapolation of the data with temperature in ref
13 we obtain the value AC, = 0.41 at Ty, which would further
increase this ratio to 57%. On the other hand, the value AC,
= 0.59 obtained from the measurements of Angell and
Tucker!? on a specimen from our sample would decrease this
ratio to 40%. The maximum difference between these values
(40 to 57%) is a reflection of the uncertainty of C, measure-
ments on substances with identical polymeric repeat units.
On the theoretical side a source of error in the computed value
can be the numerical approximations in evaluating h from the
experimental equation of state (see Appendix), since any er-
rors are magnified in the required derivatives. Assuming the
configurational contribution is too small, one may then invoke
a particular inadequacy of the partition function in respect
to the entropy quantities. Again Figures 2, 6, and 7 do not
indicate such, at least as far as the pressure dependence is
concerned. We are then led to a basic assumption made con-
cerning the glassy state, namely that the only difference or
connection between equilibrium melt and glass arises from
the behavior of the structural parameter A. One may argue
that an additional structural factor should be the number of
external degrees of freedom 3¢ (or its variation with temper-
ature) which is inversely related to the temperature scaling
factor T*. An abrupt change in T* at T is not permitted be-
cause it would correspond to an actual temperature jump.
However, a gradual increase in 7* with decreasing real tem-
perature commencing at T is permissible. An effective in-
crease in T*, or reductionin T’ fora given reference temper-
ature T below T, would produce a smaller configurational
heat capacity in the glass, which would correspond to a larger
configurational difference at T's. This result would also express
a change in the vibrational contribution to the heat capacity
in the Ty process. This is an example of how a portion of the
vibrational modes may depend on the configurational state.

Concluding Remarks

We have arrived at a consistent description of the temper-
ature and pressure dependent thermodynamic properties of
constant formation glasses. This is obtained in terms of a
partition function of the identical form as for the equilibrium
system, but with the expressions generalized to include non-
equilibrium conditions, and with the h function evaluated
from the experimental PVT surfaces. In paper I & was treated
as an adjustable parameter obtained from the pressure
equation strictly applicable to equilibrium, or alternatively,
to constant & conditions, neither of which are satisfied for
these glasses. There also h was evzluated from the experi-
mental PVT surface. Aside from the element of consistency,
the quantitative agreement of the computed thermodynamic
functions with experiment is significantly enhanced, partic-
ularly for the internal pressure. On the other hand, it is grat-

ifying to observe the good estimate of AU and AS which is
derived from the much simpler adjustable parameter method.
This results from the fact that h and the ensuing freezing
fractions Fr and Fp are not very different between the two
procedures. Thus it appears that the simplified procedure is
quantitatively almost as adequate, except in respect to the
internal pressure.

In paper I we suggested that the same values of the freezing
fraction Fr for the low (P’ = 0) and high (P’ = 800 bar) pres-
sure glasses might be consistent with a unique entropy surface
with respect to varying formation pressure. This notion is, of
course, inconsistent with the results of our analysis for which
the discrete entropy functions are displayed in Figure 13.

The concept of a single entropy surface originates from the
apparent general validity of the equation

dT,/dP = TVAa/AC, (21)

as pointed out by O’Reilly!5 from experimental data on dif-
ferent glass-forming substances. From simple phenomenology
Goldstein'® has shown that eq 21 implies a single entropy
surface with respect to formation pressure. On the other hand,
it is clear from overwhelming PVT data that the corre-
sponding volume is not unique, a result which is consistent
with the experimentally determined inequality

dT/dP < Ax/Aa (22)

Since we are employing equations of state of the form V =
V(T,P,h) and S = S(T,P,h), it is clear that the hole theory as
applied here cannot explain the coexistence of a single entropy
and manifold volume surfaces. This statement has already
been implied in our earlier comments on heat capacity.

Incidentally, this result is consistent with that implied from
the orderng parameter analyses presented in ref 17-20. When
only one ordering parameter is considered, eq 21 and the
equation corresponding to (22) are satisfied. Since both of
these relations are now equations, they imply that both the
volume and entropy surfaces are unique.'® We cannot, how-
ever, apply this result as obtained from the works referenced
above because in all of these the ordering parameters are taken
to be frozen in the glass, whereas, in our case, h varies in the
glass.

At this juncture it is pertinent to refer to calorimetric data
on densified polymeric glasses of styrene and methyl meth-
acrylate.21:22 Within experimental error, the enthalpy of the
densified polymer appears to be indistinguishable from that
of the “normal” one up to formation pressures of 800 bar.
Thereafter, and up to their maximum value (2600 bar), a
significant rise of the enthalpy difference H(0,P’) — H(0,0)
[where H = H(P,P’) is taken isothermally] is observed. The
densified polymer having the larger enthalpy is contrary to
our theoretical predictions as seen in Figure 12 (recalling that
U and H are indistinguishable at atmospheric pressure).
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However, again we note the consistency in respect to the
function AU for both glasses (see Figures 4 and 5), with the
derivation of the h function from the PVT surfaces. To ac-
count formally for the interchange of the two glass surfaces
shown in Figure 12, one could allow a variation of T* as sug-
gested in the last section. If then T* (pressurized glass) < T*
(“normal” glass), this would increase the energy of the pres-
surized glass (relative to the “normal” one) with a corre-
sponding increase in T;" applicable to the energy or enthalpy.
The above inequality results in the opposite one for ¢, the
number of external degrees of freedom. Thus the pressuriza-
tion process during glass formation could be assumed to en-
hance the importance of the external relative to internal
modes, or to reduce the freeze-in process.

As indicated by this and earlier work, the liquid state theory
is adequate to describe the PVT behavior of polymers in
general. We still need a satisfactory theoretical constraint
condition to apply to the glasses. Also, we would like to predict
the location of T, Since it has been observed on the polymers
so far evaluated8 that 0.018 < T, < 0.036, T'; can hardly be
considered to be a corresponding temperature. Thls precludes
the possibility of predicting the value of T'; for each polymer
from its scaling factor T*.

We have considered for the first time explicitly intermo-
lecular contributions to the heat capacities. Since we do not
have corresponding experimental data on configurational heat
capacities, we do not know if the ratios (configurational to
total) given in this paper are reasonable; however, it is possible
that there are other ways to estimate these fractions. In order
to obtain a better understanding of the thermal behavior, a
more detailed study of specific heats encompassing a variety
of polymeric structures in a manner analogous to our earlier
PVT investigations is called for.

Note Added in Proof: Since preparation of this manu-
script, Sasabe and Moynihan 23 have measured Cp, on a spec-
imen of our sample of PVAC. At T, = 304 K their values of C,
for both liquid and glass exceed ours (Table V) by 0.06 J/(g
K) with values of AC,, being identical. Application of their
results to our analysis would not alter the conclusions given
in this paper.
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Appendix
It is desired to obtain numerical solutions of the isothermal
differential equation

—P=f (T V) + ATV y)oy/aV)r

where f1 = (6F/oV) 7 v isequal to —P for the equilibrium state
[see eq 7 inref 7] and fo = (aF “/sy) 7 v. Accordingly the explicit
dependencies of these functions on their arguments are:

fi=—=(T/V)[1 = 2716y (y V)=1/3]=1 — (2y/V)(y V)2

X [1.011(yV)~2 — 1.2045] (A1)
—@3T/y)[1 +1n (1 =3)/y]
+ (3T/y)[2—1/6y(y\7)—1/3 - 1/3][1 - 2—1/6},(},\7)—1/3]-1

+ (yV)~2[2.409 — 3.003(y V)2

In solving eq A1 iterations were used where the new ith de-
rivative was approximated successively by

f
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Figure 14. (3y/6V) 1 vs. reduced temperature for constant formation
glasses. Open circles, secant values obtained from eq Al and A2.
Dashed lines, regressions on open circles, quadratic for 7 = 0, linear
for P’ = 0.0853. Solid lines, values obtained from differentiation of
eq 10 applicable to all data points.

(dy/dv)new,i = l[y(pl)
for which the iteration process
(dy/dV)oia+1 = [(dy/dV)oa,; + (dy/dV) new]/2

was found to converge in all cases. That is, the difference be-
tween the old and new derivatives became insignificant after
about six iterations with the initial (i = 1) old value of (3y/
aV)+ set equal to zero. In this work the value of P, was taken
to correspond to the highest experimental pressure, 800 bar.

The above procedure yields one value of (sy/aV) 7 for each
temperature from the data at P = 0 and 800 bar. These results
are illustrated by the circles in Figure 14. The dashed lines are
their regressions (quadratic for P = 0 and linear for ¥ =
0.0853) with respect to temperature.

As T — T, fo — 0 (corresponding to the equilibrium min-
imization condition) and the differential equation degenerates
into an algebraic one, i.e., —P = f1. This has the consequence
that the fraction on the right-hand side of

(6y/6V) 1= —(P + f)/fs

takes the form 0/0 as T' — T'. The limit of this ratio is, how-
ever, a determined quantity. ThlS forces (3y/8V)f, and thus
(ay/oT)p illustrated in Figure 10, to be unique as T — T This
condition represents the seemingly missing boundary condi-
tion for the partial differential equation.

From the above procedures a set of v values is derived as a
function of temperature and volume for which (ay/s V) and
(ay/aT)v may be evaluated. However, the values of (ay/oV)7
are only secant values obtained from y (V) at 0 and 800 bars.
In order to test the procedure and utilize the results at all data
points for the two constant formation glasses, the values of
(ay/8V) 7 obtained from the regression equation (depicted by
dashed lines in Figure 14) were then applied to eq 6. The new
values of y were then fitted to polynomials in 7' and V for
which the results are included in Table Ia with h =1 —y. The
corresponding values of (8y/3V) 1 are illustrated by the solid
lines of Figure 14, which, for our purposes, are considered to
be in agreement w1th the dashed lines. Note that for &’ = 0
only a linear temperature dependence is significant using data

- y(O)]/[V(Pl) - V(O)]}new,i (A2)
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points, in contrast to the quadratic dependence for the secant
values. Now using Table Ia to redetermine (ay/3V) 7 and then
applying this result to eq 6 gives reasonably good agreement
between the values of the new and old derivatives at each
point, which is the final test for this procedure. The values of
(8y/aT)v also derived from Table Ia were use~d to evaluate the
entropy from eq 7. Using this method, (3v/6V)t and (ay/eT)v
are compatible in the sense that they correspond to the same
solution.
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ABSTRACT: A semiempirical interpretation of the Mark-Houwink relation [y] = KM? is proposed, which enables
one to calculate easily the unperturbed dimensions of the polymer coil from the parameters a and K. It is postulated
that there is no thermodynamic interaction among macromolecular segments within a short section of a chain with
a characteristic number of segments No, estimated as No ~ 9. This postulate enables one to calculate the unperturbed
parameter K. A test of the method on an extensive range of data for solutions of polystyrene and poly(methyl meth-
acrylate) yields satisfactory results. The method is also applicable to nonvinyl polymers with rather different struc-
tures, e.g., polysiloxanes, polycarbonates, and cellulose derivatives.

In most theories of polymer solutions a linear macromole-
cule is modeled as a string of segments suspended in a solvent.
The segments are connected by universal joints. The model
is fully described by four parameters: (1) the number of seg-
ments, N; (2) the length of a segment, A; (3) the friction
coefficient of a segment, {; and (4) a thermodynamic param-
eter expressed as the Flory~Huggins interaction parameter
x or the familiar Flory’s expression (1 — 8/T) or the binary
cluster integral (the excluded volume of a segment) 3.

All the characteristic quantities of a macromolecular solu-
tion (size of the macromolecular coil, relative viscosity, friction
coefficient of a coil, virial coefficients, etc.) are then unique
functions of these four parameters and of the number of
macromolecules in a volume unit, n. Usually, the concentra-
tion is expressed in units of mass per volume, ¢, which is re-
lated to n as ¢ = nM/N s, where M is molecular weight and N5
is Avogadro’s number. Note that the molecular weight is not
a basic parameter of the theory of polymer solutions as it en-
ters only as a result of our preference for concentrations ex-
pressed as ¢. Other parameters (molar volume of solvent, Vy;
specific volume of macromolecules, 0) enter the theory in a
similar way.

One of the five basic parameters, the friction coefficient ¢,
influences only the hydrodynamic properties. Moreover, ex-
perimental evidence shows that for macromolecules with a
sufficient degree of coiling (i.e., for a high enough number of
segments, typically M larger than 104) the value of { is such
that the coil is hydrodynamically in the limiting nondraining
state. In this state, the hydrodynamic properties no longer

depend on { and the number of basic parameters is reduced
to four.

Most theories (see Yamakawal), even when one is studying
the dependence of various phenomena on the molecular
weight of the macromolecule, assume that the number of
segments NN is always so large as to be effectively infinite when
compared to small integers. Using this implicit assumption,
one finds that the basic parameters are always combined into
two parameters and that the properties of macromolecular
solutions are fully described by the two-parameter theories.
(Actually M and c¢ are also used, but are not counted as pa-
rameters.) The two parameters are the unperturbed dimen-
sions of a coil Fo2/M and a parameter z, defined as:

z = BM1/2 (1)
B = 2(3/2%)%2(02/NaVo) (Fo2/M)~324(1 = 6/T)  (2)

where Fy? is the mean end-to-end distance of an unperturbed
coil, i.e., the distance which exists if the parameter (1 — §/T")
is zero and all other parameters are the same.

In the following we will restrict our attention to intrinsic
viscosity [n]. The two-parameter theory predicts for [n)

[n] = KgM1 /20,3 (3)
Ky = ¢o(ro2/M)3/2 4)
a=1+bz+... (5)

The expansion factor for viscosity «,% may be expanded by a
McLaurin series, eq 5; the perturbation theory? yields b =



